We further identify «6GL(w, A) with (^ °) G GL(n + 1, A), and thus write GL(A, q) = U n GL(n, 4, q) and E(4, q) = U n E(w, ^4, q). When q = A we abbreviate, GL(i4) =GL(A f A) and E(4) =E(i4, -4). (b) /ƒ ÜCGLU) is normalized by EU) then for a unique ideal, q, EU, q) Ci? C GLU, q), awd ü is then (by (a)) normal in GLU).
This theorem tells us that a knowledge of the normal subgroups of GLU) is equivalent to a determination of the abelian groups
is just the commutator quotient of GLU).
The stable range.
THEOREM. Suppose A is an algebra, finitely generated as a module, over a commutative ring whose maximal ideal spectrum is a Noetherian space of dimension d.
For n>d + l and for all ideals, q: For n^max (2(d+l), 3) , and for all ideals, q:
There are some technical inadequacies in this theorem, and one fundamental deficiency, which is best described by considering the homomorphisms,
These define a direct system of eventually abelian groups whose limit 
THEOREM. Suppose 2 above is simple, and let SL(n, A) denote the elements of reduced norm one in GL(n, A). Then center SL(n, A) = center E(n, A) is finite. Moreover: (a) For n^3 a normal subgroup of E(n, A) is either finite (and central), or of finite index. (b) For all sufficiently large n the same is true of Sh(n, A).
REMARKS. 1. The theorem of §3 applies to A here with d = 1. Hence, the conjecture there alleges that n^3 suffices in (b) above.
2. For A =Z, SL(n, Z) = E(n, Z), since Z is euclidean.
Polynomial and related extensions.
The results announced here are from a joint paper with A. Heller and R. Swan, [2] .
For any ring A we denote the Grothendieck group of finitely generated projective right ^-modules by K°(A).
THEOREM. Let A be a ring and t an indeterminate. There are natural split exact sequences,
Here U denotes the image of matrices of the form l + (^± 1 --l)a:, with a nilpotent over A. The middle row here comes from the theorem of §5. Exactness of the bottom row is the unitary periodicity theorem. The ideas of the recent proof of Atiyah-Bott can be used to derive the latter from the former.
7. Groups of simple homotopy types. If w is a group, we write Wh(7r) = K 1 (ZT)/±W, meaning K}(Zir) reduced modulo the image of ±7rCGL(l, Z7T)CGL(ZX). J. H. C. Whitehead's simple homotopy types [9] are topological invariants which live in these groups. From §4 we have:
THEOREM. Let w be a finite group with q irreducible rational representations and r irreducible real representations. Then Wh(7r) is a finitely generated abelian group of rank r -q.
